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Abstract 

The local spectrum of a vertex set in a graph has been proven to be very useful 
to study some of its metric properties. It also has applications in the area of pseudo- 
distance-regularity around a set and can be used to obtain quasi-spectral characteriza- 
tions of completely (pseudo-)regular codes. In this paper we study the relation between 
the local spectrum of a vertex set and the local spectrum of each of its subconstituents. 
Moreover, we obtain a new characterization for completely pseudo-regular codes, and 
consequently for completely regular codes, in terms of the relation between the local 
spectrum of an extremal set of vertices and the local spectrum of its antipodal set. We 
also present a new proof of the version of the Spectral Excess Theorem for extremal 
sets of vertices. 

Keywords: Pseudo-distance-regularity; Local spectrum; Subconstituents; Predistance poly- 
nomials; Completely regular code. 



1 Introduction 



The notion of local spectrum was first introduced in [8] for a single vertex of a graph. In 
that paper, such a concept was used to obtain several quasi-spectral characterizations of 
local (pseudo)-distance-regularity. In the study of pseudo-distance-regularity around a set 
of vertices [7], which particularizes to that of completely regular codes when the graph is 
regular, the local spectrum is generalized to a set of vertices. As commented in the same 
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paper, when we study the graph from a "base" vertex subset, its local spectrum plays a 
role similar to the one played by the (standard) spectrum for studying the whole graph. 

In this work we are interested in the study of the relation between the local spectrum 
of a vertex set and the local spectra of the elements of the distance partition associated 
to it (also known as its subconstituents). Thus, Section [2] is devoted to define the local 
spectrum of a subset of vertices in a graph. In Section [3] completely pseudo-regular codes 
are introduced and we discuss some known results of special interest. Our main results can 
be found in Sections H] and [5j where we give sufficient conditions implying a tight relation 
between the local spectrum of a set of vertices and that of each of its subconstituents. As 
a consequence, we obtain a new characterization of completely (pseudo-)regular codes. In 
the way we also obtain some information about the structure of the local spectrum of the 
subconstituents associated to a completely pseudo-regular code and we give a new proof of 
a result from jTj, which can be seen as the Spectral Excess Theorem [5] for sets of vertices. 

Before going into our study, let us first give some notation. In this paper T = {V, E) 
stands for a simple connected graph with vertex set V = {1, 2, . . . , n\. Each vertex i £V 
is identified with the i-th unit coordinate (column) vector Cj and V = M" denotes the 
vector space of formal linear combinations of its vertices. The adjacencies in F, £ E, 

are denoted by i ~ j and d{-, •) stands for the distance function in T. Given a set of 
vertices C C V, the distance from a vertex z to C is given by the expression d(i, C) = 
m.m{d{i, j) \ j € C}. We denote by Sc = raaxi^y d{i,C) the eccentricity of C. Notice 
that, in the context of coding theory, the parameter corresponds to the covering radius 
of the code C. 

As usual, A stands for the adjacency matrix of F, with set of different eigenvalues evF := 
evA = {Ao, Ai, . . . , Arf}, where Aq > Ai > • • • > A^. The spectrum of F is 

spF := spA = {Xf^'\xf^'\ . . . , Af ^'^^l, 

where m{Xi) is the multiplicity of the eigenvalue A/. We denote by £i = ker(A — A/J) 
the eigenspace of A corresponding to A^. Recall that, since F is connected, Sq is one- 
dimensional, and all its elements are eigenvectors having all its components either positive 
or negative (see e.g. [H H])- Denote by = {i'i,i'2, ■ ■ ■ ,i^n) £ the unique positive 
eigenvector of F with minimum component equal to 1. 

Note that V is a module over the quotient ring M[x]/(Z), where {Z) is the ideal generated 
by the minimal polynomial of A, Z = nf=o('^ ~ ^l)^ with product defined by 

pu := p{A)u for every p G M[2;]/(Z) and it € V. 

With this notation, let us remark that the orthogonal projection Ei of V onto the eigenspace 
£i corresponds to 

Eiu = Ziu, u eV, 

where Zi, I = 0,1, ... ,d, is the Lagrange interpolating polynomial satisfying Zi{Xh) = 5ih, 
that is: ^ 

zi = ^-^ n [x-Xh), 

TTl 

0<h<d,h^l 
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with TTi being the moment-hke parameter given by vr; := no</i<d h^l I'^l ~ 

2 C-Local spectrum 

Given a set of vertices C of F, define the map p : 'P(V^) V by p0 := and pC := 
^jg(-,fjej for C 7^ 0. Consider the spectral decomposition of the unit vector = 
pC/\\pC\\ = Zc{Xo) + Zc(Ai) + • • • + Zc{Xd), that is Zc{Xi) = EiSc e £i, < I < d. 
The C- multiplicity of the eigenvalue A; is defined by 

mdXi) := {EiecSc) = \\zc{Xi)f. 

If fiQ > fii > ■ ■ ■ > ^'I'e the eigenvalues of T with nonzero C-multiplicity, the C -local 
spectrum of T is defined by 

and we denote by ev^ T := {/io,/Ui, . . . /"o > /"i > • • • > A*dc' ^'^^ °^ different 

eigenvalues in the C-local spectrum. Let us remark that, as EqSc = ^^^jp ^ = -jj^p-i^, 

we have mc(Ao) = ^ ||^|| / 0, and hence fiQ = Xq. The parameter dc is called the dual 
degree of C and it provides an upper bound for the eccentricity of the vertex set, Sc < dc 
(see [7]). When the equality is attained we say that C is extremal 

Consider the idempotents Ef , < / < dc, corresponding to the members of the C- 
spectrum, that is Ef is the projection of Vc = ©AhGev^ T onto the eigenspace corre- 
sponding to /i/. As we have done for the standard spectrum of the graph, we define for 
each fii E ev^ T the moment-like parameter vr/(C) := no</i<dc ~ ^'^^ consider 

the polynomial 

^i--=^^^ n (^-^^) (1) 



which gives Zf{A) = E 



3 Completely pseudo-regular codes 

In this section we review some known results on completely pseudo-regular codes. These 
results are formulated in terms of C-local pseudo-distance-regularity, which extends the 
notion of local distance-regularity from single vertices to subsets of vertices and from regu- 
lar to non-necessarily regular graphs. Completely pseudo-regular codes where introduced 
in [7] with the aim of generalizing both local distance-regularity and completely regular 
codes [9]. Let us consider the distance partition of a vertex set C C F of F, given by the 
sets Ck = {i \ d{i,C) = k}, k = 0,1, . . . ,ec, which are known as the subconstituents 
associated to C. Consider also the functions a,b,c : V — > [0, Aq] acting on a vertex i ^ Ck 
as follows: 
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(A: = 0); 




= < 



1 



(1 < A: < ec). 



iGr(i)nCfe_i 



(0 < < Ec). 



1 



b{i) = I 





(0 < A; < - 1); 



jGr{i)nCfc+i 



We say that C is a completely pseudo-regular code (or that F is C -local pseudo-distance- 
regular) when the values of c, a and 6 do not depend on the chosen vertex i £ Ck but 
only on k; that is, when the distance partition with respect to C is pseudo-regular (see 
[6]). If this is the case, we denote by Ck, au and hk the values of these three functions on 
the vertices of C^, = 0, 1, . . . ,ec, and refer to them as the C-local pseudo-intersection 
numbers. 

Remark that, since G £"0, the sum of these three functions is constant over all the vertices 



Thus, in a sense, we can say that the weight Vi, given to every vertex i, regularizes the 
graph. Note also that, when F is a regular graph we have that f = j, the all-1 vector, and 
the definition of a completely pseudo-regular code particularizes to that of a completely 
regular code. 

3.1 Some characterizations of C-local pseudo-distance-regularity 

As established in [3], one can consider two approaches to completely pseudo-regular codes. 
One is based on the combinatorial definition given in the previous section and the other 
relies upon the study of the Terwilliger algebra associated to a vertex set. Although 
the results presented here can be obtained from both points of view, we will focus the 
attention on the combinatorial approach, which makes more evident the key role of the 
local spectrum. 

From now on, all the polynomials must be considered in the quotient ring M[x]/(Z(;j), 
where Zc = Y\ gev T^'^~ 1-''^^ begin by defining the C-local scalar product as follows: 



of F: 



c{i) + a{i) -\- b{i) = — ^ i^j = —{Au)i = Aq 




for all i G V. 



dc 

{P,q)c ■= {pec,qec) =Ymc{l-Li)p{jii)q{jii). 

1=0 
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Figure 1: Antipodal completely pseudo-regular codes and their distance partition 

Then, we consider the family of C -local predistance polynomials, {pk)o<k<dc ^ which is the 
unique orthogonal system with respect to the C-local scalar product, such that degp^ = 
k and {pk,Ph)c = ^khPkil^o)-, ^ < k < dc\ see [2]. In [7] one can find some quasi- 
spectral characterizations of C-local pseudo-distance-regularity, which are based on these 
polynomials. In particular, the following two theorems are of special interest in our work. 

Theorem 1. Let T = iV^E) he a graph and let C C V have eccentricity Sc- Then, T is 
C-local pseudo-distance-regular if and only if the C-local (pre) distance polynomials satisfy 
pCk = PkpC, k = 0,l...,ec- 

The following result establishes that, if we assume that C is extremal, it is enough to check 
the condition of Theorem [1] for the set of vertices at maximum distance Ce^ . We refer to 
this set as the antipodal set of C and, if there is no possible confusion, we write D = Ce^. 

Theorem 2. Let T = (V, E) he a graph and let C he an extremal set with eccentricity 
£c = dc- Then, T is C -local pseudo-distance-regular if and only if there exists a polynomial 
p € Mrfp[x] such that ppC = pD, in which case p is the C-local predistance polynomial 

Pdc- 

This last result points out the relevance of the antipodal set in the study of completely 
pseudo-regular codes. In fact, it is known from [7] that a set of vertices is a completely 
pseudo-regular code if and only if its antipodal set is. This symmetry is illustrated in 
Fig. [1] where the p^'s are the D-local predistance polynomials. 



4 Spectra of the subconstituents 

As showed in [3], for an extremal set of vertices C with antipodal set D, the relation 
between the local spectra of C and D is tight and can be expressed in terms of the 
following proposition. We include the proof for the sake of completeness. 
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Proposition 1. Let C be an extremal set and let D be its antipodal set. Then, evcT C 
ev£, r and the C -multiplicities and D -multiplicities satisfy 

TTf[C) \\l^\\ 

Moreover: 

(i) Equality holds in Eq. ^ for an eigenvalue /i; if and only if the vectors zdfJ-i) and 
Zi){lii) are linear dependent. 

(ii) Equality in Eq. ([2]) for every fii € ev^ T is equivalent to the existence of a polynomial 
p £ Me^ [x] such that 

pD = ppC + z , where zG^^^ ^^^^ Y\evc T ■ 
Proof. Consider the C-local Hoffman polynomial (see [3l llOj) 

which satisfy HcpC = v. Since both Zf ^ defined in Eq. ([1]), and Hq have degree dc and 
their leading coefficients are, respectively, and , the polynomial 



has degree less than dc = £c- Then, the vectors Teq and e^, are orthogonal, giving: 

iioriP 

(Tecez,) = MCy^^-^{Hcec,e^)-{-l)'Tn{C){Z^ec,e^) 

= ^o(C)p^^(i/cpC,pZ?) - {-l)'7Ti{C){zc{iJii),e^) 

= 7ro(C)^^^%^-(-l)'7r,(C)(ze(w),^i.(w))=0, (3) 
ll^ll 

since {HcpC, pD) = {u^pD) = \\pD\\^. Therefore, by the Cauchy-Schwarz inequality, 

,' 4 = < mc{^il)mM, 

where equality occurs if and only if zdfJ-i) and Zjy{fj,i) are colinear, and (i) is also proved. 
Moreover, as all the terms involved are positive, mi:i{iii) > and hence /i/ G ev^ V. 

In order to proof (ii), suppose now that the equality holds for every eigenvalue of the 
C-local spectrum. Then, given S ev^F, the vectors Zfy{fii), Zc{^ii) are proportional. 
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More precisely, by Eq. ([3]), there exist 6 > such that z^i^^i) = (— 1)'^/Zc(w)- Let p 
be the unique polynomial in Re^[x] such that p{^i) = (~l)'Hp^6 foi' W ^ evc F. We 
have 



^ipD = \\pD\\zM = {-iy\\pD\\tzc{lJi^ 



= {-ly^^^iiEipC = pi^ll)ElpC = EippC. 

Thus z = pD — ppC G ©Ajeevo r\evc r Conversely, assuming the existence of p G 
Mep[x] satisfying pD = ppC + z, with z G ©AjGev^ rvev^ F projecting onto the 

eigenspace of ^u/ (/i; G ev^ T) we obtain = llpC'll^c(w) and, by (i), 

equality in Eq. ^ holds for every /i/ G ev^ V. □ 

Although the last result cannot be directly extended to the other subconstituents, it 
suggests that the existence of the distance polynomials guarantees a tight relation between 
the local spectra of the subconstituents. The following proposition supports this claim. 

Proposition 2. Let C he a completely pseudo-regular code in a graph T. Denote by Ct, 
A; = 0, 1, ... , e(= dc) the subconstituents associated to C . Then ev^^ V C ev^ T. Moreover, 
for each / = 0, 1, . . . , dc, the projections of pC^ and pC onto the eigenspace £[ are linearly 
dependent. 

Proof. Let {pk)o<k<e be the C-local predistance polynomials. From Theorem [1] we 
have that pC^ = PkpC, k = 0,1, ... ,e. By projecting onto the eigenspace £i we obtain 
EipCk = EipkpC = pk{\i)EipC , so that EipCk and EipC are colinear. Moreover, since 
= and Be = we obtain: 

„ - IIP. .2_\\EipCkf _\\pu{\i)EipCf 



e9l_{p,{X,)Y\\Eiea 



\\pCk\? \\pCk\ 

2|| IT. „ ||2 



\\pCk 

{Pk{\i)?mc{\i). (4) 



\\pc> 

Thus, A; G ewck r and ev^^. F C ev^ F. □ 

Note that, since for an extremal set we have ev^ F C ev^, F, the last result shows that, in 
particular, for a completely pseudo-regular code we have ev^ F = ev^ F. 

As a by-product, from Eq. Q, case k = dc, and Proposition [T]^ii) we have that, for a 
completely pseudo-regular code, 

7ro(C) \\pDf 1 
■Ki{C) \\vY Pdcm) 

MC) \\pcr , . ... 

mo^M = ;;r^ y^p PdcW)'^ (6) 
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for all fj,i G evc T. As commented, recall that in this case D is also a completely pseudo- 
regular code and C is its antipodal set. If we denote by p the D-local predistance polyno- 
mial with maximum degree and use the existing symmetry (see Fig. [1]) Eq. jS]) gives: 

"^d(w) = II -/ N lor all m G eVc T. 

This jointly with Eq. ^ leads us to the existing relation between the C-local and D-local 
predistance polynomials of maximum degree: 

p{^^l) = — \—: for all e evc r. 

Recall that the C-local predistance polynomials satisfy a three term recurrence (see [2]) 
and, in particular, for a completely pseudo-regular code with intersection numbers Ofc, hk 
and Cfe, A; = 0, 1, . . . ,ec(= dc), we have: 

xVk = h~iPk~i + akPk + Ck+iPk+i {0 <k <dc), 

where 6_i = Cd^+i = and 6feCfe+i > (see [2]). Thus, for an eigenvalue fii G ev^ T 

{in - ak)pk{lii) - bk-iPk-iifJ-l) 



Pk+iifJ-l) 



and, since ev^ T = ev^ P, Eq. 1^ ensures us that in a completely pseudo-regular code 
there cannot exist k such that fii ^ ev^^^ PUevo^^^ P. That is, for every k = 0,1, . . . ,ec — ^, 
evc P = evcj^ P U ev^^^^^ P. Remark also that in this case we have that > dc — 1 and, 
in general, e^fe > max{k,dc — k}. Thus, since dcfc ^ ^Ck^ dual degree of the fe-th 
subconstituent satisfies the bound 

^ ma.x{k,dc — k}. 

Consequently, in a completely pseudo-regular code, the C-local predistance polynomial pk 
vanishes at most at min{A:, dc — k} different eigenvalues of the C-local spectrum. 



5 Characterizations of completely pseudo-regular codes 

Some of the results given in the previous section can be used to obtain characterizations for 
completely pseudo-regular codes. In particular, we get an alternative proof for extremal 
sets of a result in [7], which can be seen as the version of the Spectral Excess Theorem [S] 
for sets of vertices. 

Theorem 3. Let C he an extremal set and D its antipodal set. Then 

WpDf < l/me(Ao)^7rg(C) 
\\PC\? - Y.t,l/mc(ni)7^^{Cy 

and the equality holds if and only if C is a completely pseudo-regular code. 
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Proof. By Proposition [T] we have: 



rriuif^l) > n.„. T^—rrj ^—r for all fii G evc T. 



— iui ail HI t cvc 

II /^r^iP 

By adding up for all fj^i E evc T and using that we obtain mc{Xo) = ||^||2 

giving Eq. ([7]). In case of equality in Eq. ([5]) we obtain mo{^ii) = if A; ^ evoT, so 
that evc r = ev£3 F. Moreover, in this case Proposition HJii) applies and there exist a 
polynomial p € ]Rep[x] such that ppC = pD, or, equivalently, C is a completely pseudo- 
regular code. □ 

Next theorem gives a new approach to completely pseudo-regular codes and shows that, 
when the considered set of vertices is extremal, the converse of Proposition [2] also holds. 

Theorem 4. Let C be an extremal set with eccentricity e = dc and antipodal set D = C^- 
Then C is a completely pseudo-regular code if and only if the orthogonal projections of pC 
and pD onto each eigenspace ofV are colinear. 

Proof. Proposition [2] guaranties the necessity. Assume now that EipD and EipC are 
colinear for each / = 0,1,..., (i. That is, there exist constants a/ satisfying EipD = 
aiEipC . Let pe be the unique polynomial of degree e such that pei^i) = a;- Then, 

d d d 

pD = Y, EipD = o^iEipC = Y,pe{Xi)EipC = pepC, 

1=0 1=0 1=0 

and the result follows from Theorem [2j □ 

In particular, if the underlying graph F is regular, the theorem gives a new characterization 
of completely regular codes. 
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